Abstract. We study the quasimap invariants of elliptic and K3 fibrations. Oberdieck and Pixton conjectured that the GromovWitten potentials of elliptic fibrations are quasi-modular forms. Analogously, we propose similar conjecture for the quasimap potentials of elliptic fibrations. We also conjecture some finite generation properties of quasimap potentials of K3 fibrations. Via wallcrossing conjecture, this will imply some quasi-modularity of the Gromov-Witten potentials of K3 fibrations. We provide some evidences for our conjectures through several examples. The method here can be further generalized to arbitrary n-dimensional CalabiYau fibrations.
be the Gromov-Witten series associated to γ.
The ring of quasimodular forms is the free polynomial algebra
where E k are the weight k Eisenstein series
and B k are the Bernoulli numbers. Based on the results for GromovWitten invariants of elliptic curves, Oberdieck and Pixton made the following conjecture ( [18] ). Motivated by the above conjecture, we study the quasimap theory of X. The quasimap invariants are introduced in [5, 10] for the study of mirror symmetry. The relationship of quasimap invariants to GromovWitten invariants, which is called wall-crossing conjecture, were studied in [6, 8, 9, 11] . Based on the wall-crossing conjecture, a fundamental relationship between the quasimap invariants and the B-model for all local and complete intersection Calabi-Yau 3-folds X is natural to propose : the quasimap invariants of X exactly equal the B-model invariants of the mirror Y. Therefore, via quasimap theory, we study the string theoretic B-model theory directly. See introduction of [16] , for more details.
For a curve class γ ∈ H 2 (B, Z), let We define the ring of quasimap elliptic fibrations
Define differential operator
The following equations were obtained in [16] .
Via the above relations, the ring QEF is closed under the action of D.
Motivated by Conjecture 1, we conjecture the following.
Conjecture 2. For γ ∈ H 2 (B, Z), we have F SQ g,γ ∈ QEF . The following Lemma relate the Conjecture 1 and 2.
Lemma 3 ([2]
). Via the change of variable by the mirror map of elliptic curve Q = q Exp(I E 1 (q)) , we have
L 6 (−8L 3 + 9L 6 ) ,
K3 fibrations.
We can also consider Calabi-Yau 3-fold X , curve B and K3 fibration π : X → B ,
where generic fibers of π are smooth K3 surfaces. For a fixed curve class γ ∈ H 2 (B, Z), Let We define the ring of quasimap K3 fibrations
Via the following relations which are obtained in [15] ,
the ring QEF is closed under the action of D.
Conjecture 4. For γ ∈ H 2 (B, Z), We have
It is an interesting question to find the modular interpretation of the generators in QKF after change of variable by mirror map Q = qExp(I K3 1 (q)) . This will imply the modularity of the Gromov-Witten series of K3-fibrations. 0.3. Twisted theories on P n 1 × P n 2 . Twisted theories associated to P m was introduced in [16] . We similarly define twisted theories associated to P n 1 × P n 2 and study several cases. Let T n 1 +1,n 2 +1 be the algebraic torus
and let each component (C * ) n i +1 of T n 1 +1,n 2 +1 act with the standard linearization on P n i with weights λ i,0 , . . . , λ i,n i on the vector space
) be the moduli space of stable maps to P n 1 × P n 2 with the canonical T n 1 +1,n 2 +1 -action, and let
be the standard universal structures. Let a = (a 11 , . . . , a 1r ; a 21 , . . . , a 2r ) , b = (b 11 , . . . , b 1s ; b 21 , . . . , a 2s ) be vectors of positive integers satisfying the Calabi-Yau conditions
The Gromov-Witten invariants of the (a, b)-twisted geometry of P n 1 × P n 2 are defined by the equivariant integrals
The above integral define a rational function in equivariant variables
) of stable quasimaps with the standard structures,
the quasimap invariants of the (a, b)-twisted geometry of
are defined by the equivariant integrals
Remark 5. By Quantum Lefchetz theorem [13] , for genus 0 and 1, the (a, 0) -twisted quasimap theories of P n 1 × P n 2 recover the quasimap theories of complete intersections of degree (a) in P n 1 × P n 2 . For higher genus, more techniques are required to obtain the theories of complete intersections from twisted theories. For quintic threefolds, this was studied using NMSP theory [4] or log GLSM theory [12] . Using these approaches we expect to be able to study the quasimap theories of Calabi-Yau fibrations for higher genus. We will return to these problems in the future.
be the genus g quasimap series of local P 1 × P 1 . In order to state the theorem, we define a series in q 1 .
In other words, the coefficients of q
be the ((3; 2), (0; 0))-twisted genus g quasimap series of P 2 × P 1 .
Recall the series which generate the ring QEF,
Theorem 7. For the ((3; 2), (0; 0))-twisted genus g quasimap series of P 2 × P 1 , we have
From the low degree calculations, we make the following conjecture.
Conjecture 8. For the ((3; 2), (0; 0))-twisted genus g quasimap series of P 2 × P 1 , we have
For example, in genus 1 we have
be the ((3; 3), (0; 0))-twisted genus g quasimap series of P 2 × P 2 . We use the same generators (2) in the following theorem.
Theorem 9. For the ((3; 3), (0; 0))-twisted genus g quasimap series of P 2 × P 2 , we have
From the genus one calculation
we make the following conjecture.
Conjecture 10. For the ((3; 3), (0; 0))-twisted genus g quasimap series of P 2 × P 2 , we have
0.4.4. K3 fibration. Let
be the ((4; 2), (0; 0))-twisted genus g quasimap series of P 3 × P 1 . In order to state the theorem, we need the generators (1) of the ring QKF and the extra generators E 1 , B 2 whose definition will appear in Section 4.2.
Theorem 11. For the ((4; 2), (0; 0))-twisted genus g quasimap series of P 3 × P 1 , we have
Using the argument in the proof of the theorem in Section 4, one can show that the coefficient of q For example in the genus 1 case, we have
From this observation, we conjecture the stronger result.
Conjecture 12. For the ((4; 2), (0; 0))-twisted genus g quasimap series of P 3 × P 1 , we have
0.5. Plan of the paper. We will prove Theorem 6, 7, 9 and 11 in Section 1, 2, 3 and 4, respectively. Overview. Let K P 1 ×P 1 be the total space of the canonical bundle over P 1 × P 1 . The ((0; 0), (−2; −2))-twisted theory on P 1 × P 1 recovers the standard theory of local P 1 × P 1 . Since the quasimap invariants are independent of λ i,k , we are free to use the specialization
The specialization (3) will be imposed for our entire study of K P 1 ×P 1 . For simplicity we use following notations; 
From the Birkhoff factorization which will appear in Section 1.3.2, it is natural to define the following series. respectively. Define the series J 1i by the equations
Here, s 1 = β 0 +β 1 and s 2 = β 0 β 1 . Define the series K ij by the equations Similarly define the series K 1i by the equations
Finally define the series M 1i by the equations
Under the specialization (3), it is easy to check the following results.
In the next section, we will find the relations between the series defined above.
1.3. Basic correlators.
Light markings.
Moduli of quasimaps can be considered with n ordinary (weight 1) markings and k light (weight 0+) markings,
See [7] for more explanations. For γ i ∈ H *
, we define series for the K P 1 ×P 1 geometry,
, where, in the second series,
be the equivariant Euler class of the tangent space of K P 1 ×P 1 at p ij . Let
be the cohomology classes. The following series will play an important role.
We also write
I-function and Birkhoff factorization.
Via the geometry of weighted quasimap graph space
the big I-function is defined in [7] . See also [16, Section 3.4] for brief introduction.
The I-function can be evaluated explicitly using the arguments in [7, Section 5] .
Using Birkhoff factorization, an evaluation of the series S(H i 1 H j 2 ) can be obtained from I-function, see [14] :
Here, E ij are the series defined by
1.3.3. Picard-Fuchs equations and asymptotic expansion. The function I satisfies the following Picard-Fuchs equations.
Define small I-function
by the restriction
Define differential operators
The small I-function satisfies following Picard-Fuchs equations.
The restriction I| H 1 =α i ,H 2 =β j admits following asymptotic form
Let L ij be the series in q 1 defined by constant term with respect to q 2 . The series L ij is found by solving differential equations obtained from the coefficient of z k .
Define the series u k,ij and R nk,ij by the following equations.
R n,ij := R n0,ij + R n1,ij q 2 + R n2,ij q 
By analyzing the differential equations from the coefficient of z k , we obtain the following results.
Lemma 14. We have
Proof. To simplify the notations, we will only prove the lemma for the case (i, j) = (0, 0) and omit the index (i, j) for the series L ij , UD ij , R k,ij . The proof for other (i, j) follows from the same argument. If we apply the equations (6) to the asymptotic form (7), the coefficients of z in each equation yield the following equation,
By applying (9) to above equation, we obtain the equation Eq k from the coefficient of q
l u m for l ≥ 0. Furthermore one can easily check that the equations Eq k are linear in u k with coefficient 2k √ −1 and has no (D 1 ) l u m term for m ≥ k + 1. The statements of the lemma for L and UD follow from following equation which is easy to check from (8),
The same argument for the coefficient of z n+1 in (6) gives the proof of the statement of the lemma for R n .
Relations on generators.
We prove some relations on the generators defined in Section 1.2.
Proposition 15. The series
are representable as rational functions in I 11 , I
• 11 , L, UD. Proof. First consider the quantum product by
In the basis {1, H 1 , H 2 , H 1 H 2 }, they can be considered as matrix multiplications and the eigenvalues of these matrices are L ij and UD ij , respectively.
From the commutativity of quantum product, we also get some relations. Finally, using the fact that
to S-operators. By the relations we get from above, we can find following explicit equations. Since the result are independent of the index (i, j), we will omit the index (i, j) from the series L ij and UD ij .
The proof of Proposition 15 yields more relations among which the following relation will be needed.
+ 4I
Here, we also omit the index (i, j) from the series L ij and UD ij . Define series a k (q 1 ) by the following equation.
The series a 0 satisfies following equation.
Define a new series
The series r ij satisfies following differential equation.
From (8), we obtain the following equation.
Proof. If we apply the forms (7) and (13) to the equation (12), we get the equation Eq k from the coefficient of q
and has no (D 1 ) l a m with m ≥ k + 1. The statement of the proposition follows from (14) and (15). 1.4. Higher genus series.
Graphs. Let g ≥ 2.
A decorated graph Γ ∈ G g consist of the data (V, E, g, p) such that (i) V is the vertex set, (ii) E is the edge set (possibly including self-edges), (iii) g : V → Z ≥0 is a genus assignment satisfying
and for which (V, E, g) is stable graph,
T is an assignment of a T-fixed point p(v) to each vertex v ∈ V.
Localization formula.
We summarize the localization formula for the K P 1 ×P 1 quasimap theories.
We write the localization formula as
Proposition 17. We have
where the vertex and edge contributions with incident flag A-values (a 1 , . . . , a n ) and (b 1 , b 2 ) respectively are
.
For the precise definition of notations in the vertex contribution, see [16] . In this paper we do not need the exact definition of vertex contribution. We only need following results for vertex contribution
which follows from the definition.
The subscript in the edge contribution signifies a (signed) sum of the respective coefficients. (14), (15) and Lemma 16. Now from the definitions of r ij , we obtain
Since all coefficients of q
are real numbers by definition, the statement of the Theorem 6
follows immediately from (16) .
To finish the proof, we need to show that
For this, we need the mirror symmetry argument which was explained by Iritani. Using the Givental's equivariant mirror K P 1 ×P 1 , the asymptotic form (7) of I| H 1 =α i ,H 2 =β j can be calculated using the oscillatory integral associated to the mirror of K P 1 ×P 1 . See [3, Proposition 6.9 ] for the precise statement. Using this oscillatory integral, it is easy to see that the presentation of R n,ij in terms of L ij do not depend on the choice of (i, j). In other words, R n,ij in (7) 
follows from the fact that L 0i and L 1i are the two roots of the equations for i = 0, 1,
Elliptic fibration : Surface
2.1. Overview. We study the ((3, 2), (0, 0))-twisted theory on P 2 ×P 1 . This theory recover the standard theory of K3 surface X, defined by the general section of the anti-canonical bundle over P 2 × P 1 for genus zero and one.
For the rest of the section, the specialization
, λ 2,1 = 1 , λ 2,2 = −1 will be fixed. Since the argument of the proof is parallel to that of Section 1, we mostly omit the proofs whose arguments appeared in Section 1.
2.2.
Generators. From the small I-function associated to ((3; 2), (0; 0))-twisted theory on P 2 × P 1 ,
we get the big I-function using the argument in [7, Section 5] .
Using Birkhoff factorization ( [14] ), an evaluation of the series S(H We define the series A i , B i , . . . , G i in q 1 , q 2 by the following equations.
2.2.1.
Picard-Fuchs equations and asymptotic expansion. The function I satisfies the Picard-Fuchs equations.
Denote the small I-function by
The restriction I| H 1 =λ 1,i ,H 2 =λ 2,j admits the asymptotic form,
. Define series L ij and UD ij by
Let L ij be the series in q 1 defined by the constant term with respect to q 2 . The argument of Lemma 14 yields the following lemma.
Lemma 19. We have
2.3.
Relations. Using the argument in Section 1.3.4, we can find the relations among the series A i , B i , . . . , G i . Since this yields complicated expressions, we instead find the relations among the series which are coefficient of q k 2 in A i , B i , . . . . Define the series in q 1 by the following equations.
. . .
We get the following results from the argument of Proposition 15.
Proposition 20. The series A n , B n , . . . , G n and A n,k , B n,k , . . . , G n,k can be represented as rational functions in B 1 , L ij for fixed i ∈ {1, 2, 3} and j ∈ {1, 2},
We give the explicit results for the convenience of the reader. 3. Elliptic fibration : Threefold 3.1. Overview. We study the ((3, 3), (0, 0))-twisted theory on P 2 ×P 2 . This theory recover the standard theory of elliptic fibered Calabi-Yau 3-fold X, defined by the general section of the anti-canonical bundle over P 2 × P 2 for genus zero and one. For the rest of the section, the specialization
, λ 2,k = e 2πik 3
will be fixed. Since the argument of the proof is parallel to that of Section 1, we mostly omit the proofs whose arguments appeared in Section 1.
3.2.
Generators. From the small I-function associated to ((3; 3), (0; 0))-twisted theory on P 2 × P 2 ,
Using Birkhoff factorization ( [14] ), an evaluation of the series S(H We define the series A i , B i , . . . , J i in q 1 , q 2 by the following equations.
Lemma 22. We have
Relations. Using the argument in Section 1.3.4, we can find the relations among the series A i , B i , . . . , J i . Since this yields complicated expressions, we instead find the relations among the series which are coefficient of q
Proposition 23. The series A n , B n , . . . , J n and A n,k , B n,k , . . . , J n,k can be represented as rational functions in B 1 , L ij for fixed i , j ∈ {1, 2, 3},
We give the explicit results in Appendix A.1 for the convenience of the reader. 
K3 fibration
4.1. Overview. We study the ((4, 2), (0, 0))-twisted theory on P 3 ×P 1 . This theory recover the standard theory of K3-fibered Calabi-Yau 3-fold X, defined by the general section of the anti-canonical bundle over P 3 × P 1 for genus zero and one. For the rest of the section, the specialization
4.2.
Generators. From the small I-function associated to ((4; 2), (0; 0))-twisted theory on P 3 × P 1 ,
Using Birkhoff factorization ( [14] ), an evaluation of the series S(H We define the series A i , B i , . . . , I i in q 1 , q 2 by the following equations.
4.2.1. Picard-Fuchs equations and asymptotic expansion. The function I satisfies the Picard-Fuchs equations.
Lemma 25. We have
Relations. Using the argument in Section 1.3.4, we can find the relations among the series A i , B i , . . . , I i . Since this yields complicated expressions, we instead find the relations among the series which are coefficient of q
Proposition 26. The series A k , B k , . . . , I k and A n,k , B n,k . . . , I n,k can be represented as rational functions in A 1 , B 2 , E 1 , L ij for fixed i ∈ {1, 2, 3, 4} and j ∈ {1, 2},
In the proof of Proposition 26, we can show that the series A 1 , E 1 , L ij satisfy the following relations. Here L = L 0,0 . Similar equations hold for other (i, j) = (0, 0). 
